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A Story to PSMT

One day, when utilizing the SMT solver, my colleague who
concentrates on static analysis asked: Why is the solution obtained
by the SMT solver difficult to understand (too large, too small, or
not realistic), especially for practical instances?
I think it is an interesting question, and our preliminary answer is
to introduce probability distribution into the SMT-solving process.
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A Simple Example

Path Condition: 18.5 ≤ w
h2 ≤ 24.9 =⇒ healthy.

An SMT solver finds an assignment for healthy = ⊤,
w = 0.375, h = 0.125, which is correct but not real.
In practice, such variables usually obey some distributions, for
example, w ∼ N(60, 10), h ∼ N(1.7, 0.1). Our algorithm can
obtain an assignment w = 66.82, h = 1.75 on the distributions.
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Contributions and Values

1 We introduce the probability distribution into SMT and define
it as the PSMT problem. It allows the variables in solutions to
satisfy certain probability distributions.

2 We construct the Prob-MCSAT algorithm, combining
probability distribution and conflict-driven process.

3 Given distributions for variables, Prob-MCSAT can generate a
plausible solution that is closer to reality.
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SMT and MCSAT

• Satisfiability Modulo theories (SMT) is an area of automated
deduction that studies methods for checking the satisfiability
of first-order formulas with respect to some logical theory T
of interest [1, 2].
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SMT with Probability

• It has many applications in probabilistic program analysis [3],
stochastic hybrid systems [4] and etc.
• Most of the works concentrate on the probability that the

constraints are satisfied [5].
• Recent work on SMT sampling [6] approximates sample points

by adding extra constraints after the solver obtains a solution.
• It seems an unexplored area that solves an SMT problem with

probability for variables.
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Domain under Constraint

Definition 1 (Domain under Constraint)
Given a constraint ψ and variable x , the domain under constraint
D(ψ, x) is the domain of x where when assigning x any value in
D(ψ, x), there exists a full assignment satisfying ψ.
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Distribution under Constraint

Definition 2 (Distribution under Constraint)
Given a constraint ψ and a distribution for variable x , whose
probability density function is P(x), x ∈ R, the distribution of x
under constraint ψ is a refined distribution whose probability
density function is P̃(ψ, x),

P̃(ψ, x) =


1∫

D(ψ,x) P(x)dx
P(x), x ∈ D(ψ, x),

0, x ∈ R− D(ψ, x).

Fuqi Jia, Rui Han, Xutong Ma, Baoquan Cui, Minghao Liu, Pei Huang, Feifei Ma, and Jian Zhang
PSMT: Satisfiability Modulo Theories Meets Probability Distribution 8 / 20



Introduction Backgoround PSMT Prob-MCSAT Case Study Conclusion and Future Work References

Probability Satisfiability Modulo Theories

Definition 3 (Probability Satisfiability Modulo Theories)
Given an n variable SMT constraint ψ, a value distribution P, and
a variable order σ, find an assignment α |= ψ, i.e., α satisfies ψ.
Meanwhile, the i-th variable x follows distribution under constraint,
i.e., α[xi ] ∼ P̃(ψ({α[xσ1 ], · · · , α[xσi−1 ]}), xi) where 1 ≤ i ≤ n.
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PSMT Example

• Given a constraint ψ = {−2 ≤ x ≤ 2 ∧ x2 + y ≥ 1}, and x
follows a uniform distribution in [−2, 2], i.e., U([−2, 2]).
• If a partial assignment is α = {y ← 0}, then we have
ψ(α) = −2 ≤ x ≤ 2 ∧ x2 ≥ 1.
• Domain under Constraint for x :

D(ψ(α), x) = [−2,−1] ∪ [1, 2].

• Distribution under Constraint for x :

P̃(ψ(α), x) = 1∫ −1
−2

1
4dx +

∫ 2
1

1
4dx

P(x) = 2P(x) = 1
2 ,

where x ∈ D(ψ(α), x).
• Sample under the distribution and find an assignment
{x ← v , y ← 0} can be a solution to the PSMT problem.
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Overall Framework

MCSAT

Decide variable 𝑥𝑥

Get Assignment 𝑣𝑣

Can Resolve 
Conflict ?

Conflict

Backtrack

Yes

UNSAT

No Variable Left ?

SAT

Yes

No

Propagate

No

Add Lemma to TrailKey technique

Fuqi Jia, Rui Han, Xutong Ma, Baoquan Cui, Minghao Liu, Pei Huang, Feifei Ma, and Jian Zhang
PSMT: Satisfiability Modulo Theories Meets Probability Distribution 11 / 20



Introduction Backgoround PSMT Prob-MCSAT Case Study Conclusion and Future Work References

GetAssignment
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Example
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(b) Sample in Segmented Distribu-
tion

A normal distribution on fragmented satisfiable intervals
([−2.5,−1.5] ∪ [−0.5, 1]) of a variable.
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An Example

Consider a constraint,

x − y ≥ 0 ∧ x + y ≤ 0 ∧ y ≥ −1.
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(c) Uniform Sampler
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(d) Uniform Prob-MCSAT

When running 1000 times, the difference between Uniform
Sampler, Z3, and Uniform Prob-MCSAT.
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Ablation
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Conclusion and Future Work

In this work in progress, we initially proposed PSMT and designed
an algorithm, Prob-MCSAT. The visualized examples show that
Prob-MCSAT can produce a clear trend in the satisfiable space.
There are several future works that should be explored:
• Extending and refining the definition of PSMT;
• Identifying realistic applications for PSMT;
• Exploring distributions to enhance SMT solving speed;
• Utilizing Prob-MCSAT solutions for testing and teaching;
• Considering the bias in SMT solver solutions.
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Thanks!
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